This work investigates periodic ight trajectories to achieve optimal fuel savings for long-range hypersonic ight. A model of the aerodynamic and scramjet propulsion characteristics for a hypersonic lifting body con guration, is used to study enhanced fuel savings over steady-state cruise. Parameterized forms of undamped and damped periodic pro les are evaluated for their ability to achieve long-range. By enforcing continuity between multiple periods, optimal long-range solutions are developed. These piecewise solutions for long-range provide insight into the behavior of optimal periodic trajectories for hypersonic ight. Speci cally, this work compares the bene ts of undamped and damped periodic hypersonic cruise trajectories for long-range. 
In the past four decades there has been a considerable amount of interest in developing hypersonic vehicles for a host of applications. Initial interest in 1 American Institute of Aeronautics and Astronautics such vehicles originated from post World War II military requirements to develop a long-range high-speed weapons delivery system which could strike an adversary more than halfway ( 20,000 km) around the world. Modern interest in hypersonic ight has been motivated by the potential for long range intercontinental transport, involving both cargo and persons. In addition, because the basic requirements of a hypersonic vehicle are similar to orbital launch vehicles, modern interest has focused on reusable transatmospheric vehicles which can y to and from Earth orbit using the same technology as a hypersonic airplane.
Past Studies on Periodic Cruise Trajectories
The discovery of periodic cruise trajectories for hypersonic ight has evolved from extensive analytical and computational optimization studies to determine possible trajectory types which could achieve better fuel consumption savings. With this goal in mind, several researchers have found sub-optimal and optimal periodic cruise trajectories which achieve better fuel consumption savings between two destinations over steady-state cruise for a single period. Results from these past studies suggest that fuel consumption savings of 8% to 45% 1?6 are possible over a single period. However, in order to achieve long-range ight, multiple periods will be required. Thus, the question that arises is how does the performance of periodic hypersonic cruise trajectories vary for multiple periods.
Objective of Current Work
The goal of this work is to compute optimal parameterized trajectories which minimize fuel consumption rates over multiple periods. Speci cally, the performance of damped periodic and pure periodic hypersonic cruise trajectories are studied to determine which approach o ers greater fuel consumption savings for long-range.
Parameterized Altitude Pro les
Because periodic hypersonic ight trajectories appear to exhibit harmonic behavior, a parameterized form of the altitude pro le consisting of only a few harmonics can come quite close to capturing the salient features of the unconstrained optimal trajectory. Since these harmonics are de ned by constants, a sub-optimal solution is possible by simply determining the parameters of the altitude pro le. This results in less computational e ort than a completely unconstrained optimization of the minimum fuel-consumption rate two-point boundary value problem (TBVP).
Method 1
The rst method for long-range enforces the states to be continiuos at each period's boundary. This produces a realistic ight pro le. 
Method 2
The second method for examining long-range performance matches only height and Mach number for each period transition. Therefore, angle of attack will not be continuous when a new period is started. Since the solution of these parameterized trajectories can be considered as sub-optimal in nature and will be used as initial guesses for future fully optimized trajectories, this lack of continiuity in angle of attack is acceptable. Most likely a spline of the resulting angle of attack performance from the optimal parameterized solution will be used in a full optimization so that lack of continiuity is not an important consideration.
American Institute of Aeronautics and Astronautics
The altitude pro le for pure and damped periodic trajectories is the same as for method 1. The design variables for the initial period of both types of periodic trajectories are the same as method 1.
For all periods after the rst, for both pure and damped periodic, all variables are allowed to vary, except M o . Also the constraint that altitude must be equal at the continuation of a new period is also added.
Method 3
The assumption that damped periodic trajectories follow an exponential decay may represent a poor model of the e ect of the atmosphere. Nevertheless, damp periodic trajectories will eventually settle to steady-state cruise. The altitude parameterization given by eqn. 2 enforces the steady-state altitude given by h c . This altitude however may not be the optimal steady-state altitude. Therefore a new parameterization is used which allows an exponential damping of the sinusoid trajectory along with a new exponential term on the steady-state altitude variable. This parameterization takes the form: 
Method 4
Similar to method 2, continuity of angle of attack is not enforced. The damped periodic trajectories use eqn. 3 with the same optimization procedure as method 2. Pure periodic and steady-state trajectories are exactly the same as method 2.
Method 5
Alluding back to the argument that damped periodic trajectories damp out to steady-state trajectories which may not be optimal, another strategy is used. Instead of using a new altitude parameterization, the constraint that the initial kinetic energy to potential energy ratio for the damped periodic trajectories be the same as the resulting optimal steady-state ratio from method 1. This ratio has a value of K.E./P.E. = 0.1888. Aside from this additional constraint the optimization of damped periodic trajectories follows the same methodology as method 1. Pure periodic and steady-state trajectories are also the same as method 1.
Method 6
Method 6 uses the initial energy ratio constraint of method 5 with the relaxation of angle of attack condition from method 2, for the damped periodic trajectories. Pure periodic and steady-state trajectories are also the same as method 2.
Vehicle Dynamic Model
The equations of motion used are for ight in a vertical plane over a non-rotating spherical Earth with range as an independent variable. The nonlinear equations of motion are given by: 
which respectively correspond to the change in height, Mach number, ight path angle, and mass with respect to range. For this study a standard atmosphere was used, allowing a variable speed of sound. The vehicle model used is the same as that studied by Chuang, et al. 4 , which is a modi ed HL-20. The aerodynamic and engine models use curve tted data taken from the available space plane literature 4 
where the throttle coe cient, s, lies in the range 0 s 1 and the exit area of the engine is A e = 9.02 m 2 . It should be noted that in this study, Mach 6 is the lowest speed the vehicle is allowed to y. A standard atmosphere was also used to get the values of the thermodynamic freestream variables. It was also assumed that the thrust would be of a bang-on-bang-o type control. An obvious concern for hypersonic vehicles ying these periodic trajectories is the g force loads and heating rates that will be incured. For this study the load factor, n is calculated in number of g's given by The heating rate was estimated by Chuang, et al. 4 , for a stagnation point on a 10 cm radius nose cone using the equation: 
Optimizer
The parameter optimization is done with the Design Optimization Tools (DOT) software package 7 . Since the optimizations of this work are constrained, the Modi ed Method of Feasible Directions algorithm of DOT is used. This algorithm attempts to: nd a usable-feasible search direction nd the scalar parameter that will minimize the cost subject to constraints test for convergence A more detailed explanation of this optimizer can be found in the DOT manual 7 .
Optimization Results
Nine periods were optimized for the steady-state and damped periodic hypersonic cruise trajectories. This corresponded to a total range of 11,374 km. Similary, the purely periodic hypersonic cruise trajectories were also optimized for nine periods corresponding to a range of 11,440 km. Fig. 1 displays a plot of the range averaged fuel-consumption savings versus range for each of the six altitude parameterizations considered in this study. Notice that damped periodic hypersonic cruise trajectories are more ecient up to period four. Beyond this point, purely periodic cruise trajectories are more e cient.
The poor performance of the damped periodic cruise trajectories beyond period four can be explained by examining the choice of parameterizations and constraints used in the optimization. Fig. 2 displays a plot of altitude versus range 4 American Institute of Aeronautics and Astronautics for steady-state cruise, purely periodic cruise and damped periodic cruise for two di erent parameterizations (methods 1 and 6). Notice that the optimal mean steady-state altitude constant, hc, is inconsistent with the mean altitude of the damped periodic cruise trajectories. This implies that when the damped periodic cruise trajectories reach steady-state conditions, more energy is required to maintain this higher mean altitude. Method 6 attempts to address this issue by insuring that the damped periodic solutions aymptotically approach the steady-state cruise mean altitude by the ninth period. Indeed, the multiple period result for this parameterization follows a smooth curve towards the steady state-cruise fuel consumption. A better approach might be to choose a value of the fuel consumption savings desired at the end of a long range ight. This may force the damped periodic solutions to adjust to meet these nal end conditions.
Figs. 3 and 4 display the mach number and angle of attack respectively as a function of range. Notice that as anticipated, the purely periodic and damped periodic trajectories exhibit cyclic behavior in both the mach number and angle of attack as a function of range. The angle of attack variations for the damped periodic cruise trajectories show much more benign periodic behavior than purely perodic trajectories. This might suggest that it may be easier to control vehicles which y damped periodic trajectories than purely periodic trajectories.
Figs. 5 and 6 display the g-loads and heating rates respectively for the steady-state, purely periodic, and damped periodic trajectories. Notice that the damped periodic solutions lead to lower heating rates and g-loads. These properties are important for actual vehicle performance.
Summary and Conclusions
Previous research has demonstrated that damped periodic hypersonic cruise trajectories have superior fuel consumption savings over steady-state cruise and periodic trajectories for a single period. This work has investigated whether damped periodic hypersonic cruise trajectories exhibit the same performance over multiple periods required for long range ight. Preliminary results suggest that for the altitude parameterizations considered in this study, damped periodic hypersonic cruise trajectories exhibit better fuel consumption savings over the rst few periods of a long range trajectory. Beyond the fourth period of a long range hypersonic ight, purely periodic solutions achieve better fuel consumption savings. Optimization results also suggest that there is an optimal tradeo between energy dissipation through an non-isothermal atmosphere and fuel consumption savings for multiple periods. A better understanding of the atmospheric physics will possbily enhance fuel consumption savings for damped periodic hypersonic trajectories. 
